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In this paper we construct non-topological multivortex solutions to the non-
relativistic self-dual Maxwell–Chern–Simons–Higgs system in R2 which make the
energy functional ﬁnite. Moreover, our proof of the existence of solutions reveals
precise asymptotic behavior of solutions near spatial inﬁnity. Using exactly the same
method, we also establish the existence of non-topological multivortex solutions to
the relativistic self-dual Maxwell–Chern–Simons–Higgs system. # 2002 Elsevier Science
(USA)
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This paper is concerned with the existence of non-topological solutions to
both relativistic and non-relativistic Maxwell–Chern–Simons–Higgs models.
We shall brieﬂy review the history of studies of the Chern–Simons models.
The non-relativistic self-dual Chern–Simons model was introduced (see also
[6] for a general survey of related models) by Jakiw and Pi [10] in order to
explain quantum Hall effect, anyonic superconductivity, etc. Interestingly
enough, the associated self-duality equations can be reduced to the well-
known integrable equation}the Liouville equation, and hence, are exactly*This research is supported partially by Korea Research Foundation Grant (KRF-2000-015-
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87
0022-1236/02 $35.00
# 2002 Elsevier Science (USA)
All rights reserved.
CHAE AND IMANUVILOV88soluble. Later, in [7] the model was generalized to include the Maxwell term
in the Lagrangian density. To make the theory self-dual they found, using
the supersymmetry argument, it is necessary to have an extra neutral scalar
ﬁeld in the Lagrangian. Unlike the pure Chern–Simons model case, the
associated self-duality equations (or, the Bogomol’nyi equations) of our
non-relativistic Maxwell–Chern–Simons–Higgs system are reduced to a
complicated system of nonlinear elliptic partial differential equations, and it
seems hopeless to ﬁnd an exact solution of them.
Under the periodic boundary conditions Spruck and Yang [18] rigorously
proved existence of solutions of this system, and later Tarantello [20] reﬁned
their results proving, in particular, the existence of solutions for wider range
of parameters in the equations. For the self-duality equations in R2 with
suitable boundary conditions near inﬁnity to guarantee the ﬁniteness of the
energy functional (the non-topological boundary condition), however, the
existence of multivortex solution has been an open problem. The difﬁculty
in that problem was not surprising, since with a similar boundary condition
near inﬁnity even the much simpler version of the problem}the existence of
a general non-topological multivortex solution of the relativistic self-dual
Chern–Simons system, introduced in [9, 11]}has been open until very
recently; we note that Spruck and Yang [16] constructed only a radially
symmetric non-topological solution of this system, and further analysis for
the radial solutions was carried out in [5]. We remark that for the
topological solutions, the existence of solutions and a constructive
approximation scheme are studied in [17, 22], respectively; for the periodic
boundary conditions, the existence and multiplicity of solutions are studied
in [1, 19], respectively. We also remark that for the topological multivortex
solutions of the relativistic self-dual Maxwell–Chern–Simons system in R2;
modeled in [14], the existence, asymptotic decays and various limiting
properties of solutions were established in [2], and for the periodic boundary
condition similar analysis is done in [3, 15]. Recently, in [4], however, the
authors of the current paper succeeded the construction of non-topological
multivortex solutions of the general type in the relativistic self-dual Chern–
Simons system.
In this paper we extend substantially the method developed in [4], and
apply it to our more complicated system of self-duality equations. One of
our main results is the existence of multivortex solutions of the general type
of the non-relativistic self-dual Maxwell–Chern–Simons system. We also ﬁnd
very precise information on the asymptotic behavior of the solutions near
inﬁnity. Moreover we ﬁnd that for the relativistic self-dual Maxwell–Chern–
Simons system the associated self-duality equations in R2 with the non-
topological boundary conditions have exactly the same structure as those of
the non-relativistic self-dual Maxwell–Chern–Simons system after a simple
nonlinear transform of equations. By applying exactly the same argument
NON-TOPOLOGICAL MULTIVORTEX SOLUTIONS 89we also establish the existence of general non-topological multivortex
solutions for this system.
1. NON-RELATIVISTIC SELF-DUAL MAXWELL–CHERN–SIMONS
SYSTEMS
The Lagrangian density for the non-relativistic self-dual Maxwell–Chern–
Simons–Higgs system introduced in [7] is
LðA;c;NÞ ¼ 
1
4q2
FmnF
mn þ
g
4q2
emnrAmFnr þ i %cD0c
1
2m
DmcDmc

1
2q2
@mN@
mN jcj2Nþ
1
2
q
2m
jcj2 
g
q
N
 2
;
where DA ¼ Dm dxm; Dm ¼ @m  iAm; m ¼ 0; 1; 2; is the covariant derivative
associated with the gauge ﬁeld A ¼ ðA0; A1; A2Þ; FA ¼  i2Fmn dx
m^ dxn with
Fmn ¼ @mAn  @nAm; m ¼ 0; 1; 2; is the associated curvature and c ¼ c1 þ ic2
is the Higgs ﬁeld and N is a neutral scalar ﬁeld, emnr is the totally skew-
symmetric tensor with e012 ¼ 1; q > 0 is the charge of electron, 2g=q2 ¼ k >
0 is the Chern–Simons coupling constant, and m > 0 is the mass of the Higgs
particle. Here we are using the Minkowski metric gmn ¼ diagð1; 1; 1Þ; and
the summation convention for the repeated indices as usual.
The static energy functional of the model is
EðA;c;NÞ ¼
Z
R2
(
1
2q2
ðF 2j0 þ F
2
12Þ þ
1
m
jDjcj2 þ
1
2q2
jrNj2:
 jcj2Nþ
1
2
q
2m
jcj2 
g
q
N
 2)
dx:
The self-duality equations coupled with the Gauss law constraint (the
variational equation for L with respect to A0) for the static solutions
ðA;c;NÞ are [7]
A0 ¼ N; ðD1 þ iD2Þc ¼ 0 in R
2; ð1:1Þ
@1A2  @2A1 þ
q2
4g
jcj2  gN ¼ 0 in R2; ð1:2Þ
ðD g2ÞNþ
q2
2
1þ
g
2m
 
jcj2 ¼ 0 in R2; ð1:3Þ
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Boundary condition (1.4) results from the requirement that the energy
functional should be ﬁnite. Following Jaffe–Taubes [12], we can reduce the
system (1.1)–(1.4) to an elliptic system of partial differential equations by
introducing the new unknown function u ¼ ln jcj2; with
c ¼ exp
u
2
þ i
Xk
j¼1
nj argðz zjÞ
" #
; z ¼ x1 þ ix2 2 C
1 ¼ R2;
where fzjg
k
j¼1 and fnjg
k
j¼1 are the prescribed zeros of c and their
multiplicities, respectively; the solutions ðA;c;NÞ of (1.1)–(1.4) are called
multivortex solutions with the centers of vorticities on fzjg
k
j¼1: In this case
system (1.1)–(1.4) reduces to
Du ¼
q2
2m
eu  2gNþ 4p
Xk
j¼1
njdðz zjÞ in R
2; ð1:5Þ
DN ¼ g2N
q2
2
1þ
g
2m
 
eu in R2; ð1:6Þ
uðxÞ ! 1; NðxÞ ! 0 as jxj ! 1: ð1:7Þ
The boundary condition (1.7) is called non-topological, since
R
R2
F12 dx
is not an integer multiple of some ﬁxed quantity under this boundary
condition; for more detailed discussions including the physical meanings
of this boundary condition see [7]. Our aim is to construct a solution
ðA;c;NÞ to (1.1)–(1.4) (or, equivalently (1.5)–(1.7)) with prescribed
fzjg
k
j¼1 and fnjg
k
j¼1 that makes the energy functional EðA;c;NÞ ﬁnite. In
order to formulate our results we introduce the functions
re;aðzÞ ¼
8ge2Nþ2j f ðzÞj2
q2ð1þ e2Nþ2jF ðzÞ þ aeNþ1j
2Þ2
; rðrÞ ¼
8ðN þ 1Þ2r2N
ð1þ r2Nþ2Þ2
; ð1:8Þ
where a ¼ a1 þ ia2; z ¼ x1 þ ix2; r ¼ jzj and f ðzÞ; F ðzÞ are the complex
functions
f ðzÞ ¼ ðN þ 1Þ
Yk
j¼1
ðz zjÞ
nj ; F ðzÞ ¼
Z z
0
f ðxÞ dx;
N ¼
Xk
j¼1
nj ; nj50 ð1:9Þ
and the function w0ðjzjÞ is deﬁned by
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Z r
0
ff˜ ðsÞ  ff˜ ð1Þ
ð1 sÞ2
ds þ
ff˜ ð1Þr
1 r
 
ð1:10Þ
with
ff˜ðrÞ ¼
1þ r2Nþ2
1 r2Nþ2
 2 ð1 rÞ2
r
Z r
0
j0ðtÞtf˜ðtÞ dt; ð1:11Þ
j0ðrÞ ¼
1 r2Nþ2
1þ r2Nþ2
; C0ðrÞ ¼
1
2g3
þ
1
4g2m
 
1
r
dr
dr
 2
r2
 !
;
f˜ðrÞ ¼ 2gC0; ð1:12Þ
where ff˜ ð1Þ and wð1Þ are deﬁned as limits of ff˜ðrÞ and wðrÞ as r ! 1:
The following is our main result for the non-relativistic self-dual Chern–
Simons–Higgs system.
Theorem 1.1. Let fzjgkj¼1  C
1; fnjg
k
j¼1  Zþ; N ¼
Pk
j¼1 nj : Then
there exists e0 > 0 such that for any e 2 ð0; e0Þ there exists a solution ðce; Ae;
NeÞ to problem (1.1)–(1.4) with the following properties:
1. The energy functional Eðce; Ae;NeÞ is finite, and the function ce has the
zeros fzjg
k
j¼1 with multiplicities fnjg
k
j¼1:
2. The solutions ðce; Ae;NeÞ could be represented by formulas
ceðzÞ ¼ e
½
ue
2
þi
Pk
j¼1
nj argðzzj Þ; ð1:13Þ
ueðzÞ ¼ ln re;aeðzÞ þ e
2w0ðejzjÞ þ ueðzÞ; ð1:14Þ
NeðzÞ ¼
q2
2g2
1þ
g
2m
 
eueðzÞ þCeðzÞ þ e
4C0ðezÞ; ð1:15Þ
where ae ! 0 as e! 0; and
w0ðejzjÞ ¼ s ln jzj þ oðln jzjÞ as jzj ! þ1; ð1:16Þ
where
s ¼
8pNðN þ 2Þð1þ g
2m
Þ
3ðN þ 1Þg2 sin ð pN
Nþ1Þ
;
jjCejjL2ðR2Þ ¼ oðe
3Þ; jjue=lnðjzj þ 1ÞjjC0ðR2Þ4oðe
2Þ as e! þ0: ð1:17Þ
3. There exists a constant Cˆ ¼ Cˆðg; q; mÞ and a function bðeÞ such that
solutions ðce; Ae;NeÞ satisfy the decay estimates
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2 ¼ ð2N þ 4þ se2 þ oðe2ÞÞ ln jzj þ oðln jzjÞ as jzj ! 1; ð1:18Þ
jD1ceðzÞj
2 þ jD2ceðzÞj
24
Cˆ
jzj2Nþ4þbðeÞ
þ o
1
jzj2Nþ4þbðeÞ
 
as jzj ! 1; ð1:19Þ
where bðeÞ > 0 for all e 2 ð0; e0Þ and lime!þ0 bðeÞ=e2 ¼ s:
4. For any z 2 C1 the following pointwise inequality holds:
q2
4gm
jceðzÞj
24NeðzÞ: ð1:20Þ
Remark 1.1. In Theorem 1.1 relation (1.20) does not depend on our
construction, and holds for any smooth solutions of (1.1)–(1.4).
Throughout this paper we identify z ¼ x1 þ ix2 2 C
1 with
x ¼ ðx1; x2Þ 2 R
2:
2. FUNCTIONAL SETTING OF THE PROBLEM
First we transform system (1.5)–(1.7) into a new one. Let us introduce a
change of variables from ðN; uÞ into ðS; uÞ deﬁned by the equation
N ¼
q2
2g2
1þ
g
2m
 
eu þ S: ð2:1Þ
Then Eq. (1.5) is transformed into
Du ¼ 
q2
g
eu  2gS þ 4p
Xk
j¼1
njdðz zjÞ; ð2:2Þ
and then, using (2.2), Eqs. (1.6) and (1.7) are transformed into
DS ¼ g2S 
q2
2g2
1þ
g
2m
 
jruj2eu
þ
q4
2g3
1þ
g
2m
 
e2u þ
q2
g
1þ
g
2m
 
Seu; ð2:3Þ
uðxÞ ! 1; SðxÞ ! 0 as jxj ! 1; ð2:4Þ
respectively.
Next we change variables from ðS; uÞ to ðS; vÞ by
u ¼ vþ ln re;a;
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any e > 0 and a 2 C1; the function FðzÞ ¼ ln re;aðzÞ is a solution of the
Liouville equation
DF ¼ 
q2
g
eF þ 4p
Xk
j¼1
njdðz zjÞ in R
2: ð2:5Þ
Then, (2.2) and (2.3) and reduced to
Dv ¼ aˆre;ae
v þ aˆre;a  2gS; ð2:6Þ
DS ¼ g2S  bˆjrðvþ ln re;aÞj
2evre;a þ aˆbˆe
2vr2e;a þ 2bˆge
vre;aS; ð2:7Þ
where we set aˆ ¼ q
2
g ; bˆ ¼
q2
2g2 ð1þ
g
2m
Þ: On the other hand, the functions
*vðxÞ ¼ v
x
e
 
; S˜ðxÞ ¼
1
e2
S
x
e
 
satisfy the equations
D *v ¼ aˆe *vge;a þ aˆge;a  2gS˜;
e2DS˜ ¼ g2S˜  e2bˆjrð*vþ ln ge;aÞj2e*vge;a þ e2aˆbˆe2 *vg2e;a þ 2bˆge
2e*vge;aS˜;
where
ge;aðxÞ ¼
1
e2
re;a
x
e
 
:
Recall that
rðrÞ ¼
8ðN þ 1Þ2r2N
ð1þ r2Nþ2Þ2
; C0ðrÞ ¼
bˆ
g2aˆ
1
r
dr
dr
 2
r2
 !
:
In order to construct a good approximate solution to our problem we
consider the ordinary differential equation
L1w0 ¼
1
r
d
dr
r
dw0
dr
 
þ rw0 ¼ 2gC0 in Rþ: ð2:8Þ
Lemma 2.1. The function w0ðrÞ defined by (1.10)–(1.12) solves Eq. (2.8)
and satisfies the pointwise estimate
jw0ðrÞj4Cðln
þ rþ 1Þ; 8r > 0 ð2:9Þ
holds true. Moreover, we have the asymptotic formula
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8pNðN þ 2Þð1þ g
2m
Þ
3ðN þ 1Þg2 sinð pN
Nþ1Þ
ln rþ oðln rÞ as r !1: ð2:10Þ
The proof of this lemma is given in Section 5. Now let us make the change
*v ¼ e2uþ e2w0; S˜ ¼ e2Cþ e2C0:
By elementary calculation we obtain the equations
Duþ aˆge;a
ðee
2ðuþw0Þ  1Þ
e2
þ 2gCþ Dw0 þ 2gC0 ¼ 0; ð2:11Þ
e2DC g2Cþ bˆjrðe2uþ e2w0 þ ln ge;aÞj2ee
2uþe2w0ge;a
 aˆbˆe2ðe
2uþe2w0Þg2e;a  2bˆge
e2uþe2w0ge;aðe2Cþ e2C0Þ
 g2C0 þ e2DC0 ¼ 0: ð2:12Þ
In order to make a next step in the transformation of (2.11) and (2.12) we
should solve some boundary-value problem for an elliptic operator in
weighted Sobolev spaces. First, let us introduce these function spaces:
X ¼ uðxÞ 2 L2locðR
2Þj
Z
R2
ð1þ jxj2þ
1
4Þu2 dx51
 
;
equipped with the inner product ðu; vÞX ¼
R
R2
ð1þ jxj2þ
1
4Þuv dx; and
Y ¼ u 2 W 2;2loc ðR
2Þj jjDujj2X þ
u
1þ jxj1þ
1
8




2
L2ðR2Þ
51
8<
:
9=
;
equipped with the inner product
ðu; vÞY ¼ ðDu;DvÞX þ
Z
R2
uv
1þ jxj2þ
1
4
dx:
These spaces are equipped with the natural Banach space norms
jjujjX ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðu; uÞX
p
; jjujjY ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðu; uÞY
p
;
respectively. Thanks to the inequality
Z
R2
juj dx4
Z
R2
1
1þ jxj2þ
1
4
dx
 !1
2 Z
R2
ð1þ jxj2þ
1
4Þu2 dx
 1
2
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X ,!L1ðR2Þ: ð2:13Þ
Also, by the local regularity of the Laplace operator (see e.g. [8]) we have
Y  C0locðR
2Þ:
Denote lnþ r ¼ maxf0; ln rg: For functions from the space Y we have the
following growth estimate near inﬁnity:
Lemma 2.2 Chae and Yu Imanuvilov [4]. There exists C1 > 0 such that
for all v 2 Y ;
jvðxÞj4C1jjvjjY ðln
þjxj þ 1Þ; 8x 2 R2: ð2:14Þ
Now we consider the following boundary-value problem for given h 2 X :
EeR ¼ eDR g2R ¼ h in R
2; RðxÞ ! 0 as jxj ! 1: ð2:15Þ
Lemma 2.3. Let g > g0 > 0; e 2 ð0; 1Þ be given. Then for any h 2 X ;
e2
X2
i;j¼1
jj@i@jRjjL2ðR2Þ þ egjjrRjjX þ g
2jjRjjX4CjjhjjX ; ð2:16Þ
where C is independent of g; e:
Proof. It is well known that Eq. (2.15), with zero boundary conditions
on inﬁnity, has the unique solution R 2 W 2;2ðR2Þ which satisﬁes the
estimates
e2jjRjjW 2;2ðR2Þ4CðgÞjjhjjX ; g
2jjRjjL2ðR2Þ4CjjhjjL2ðR2Þ; ð2:17Þ
where the constant C in the second inequality does not depend on g; e:
Now it is convenient for us, instead of (2.15), to consider a sequence of an
auxiliary problems
eDRk  g2Rk ¼ h in Bk ¼ fxj jxj4kg; Rk j@Bk ¼ 0; ð2:18Þ
where k 2 Zþ: Obviously, the following estimates similar to (2.17) holds true
e2jjRk jjW 2;2ðBkÞ4CðgÞjjhjjX ; g
2jjRkjjL2ðBkÞ4CjjhjjL2ðBkÞ; ð2:19Þ
with constants C independent of k:
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2Þ; we
obtain Z
Bk
ejrRkj2Z1 þ g
2Z1R
2
k 
e
2
DZ1R
2
k
 
dx ¼ 
Z
Bk
Z1hRk dx: ð2:20Þ
Due to the identity DZ1 ¼ 4; we estimate, using (2.19),
g2
Z
Bk
Z1R
2
k dx4 2
Z
Bk
R2k dx þ
Z
Bk
Z1R
2
k dx
 1
2
Z
Bk
Z1h
2 dx
 1
2
4
2C
g2
jjhjj2
L2ðR2Þ þ
g2
2
Z
Bk
Z1R
2
k dxþ
C
g2
Z
R2
Z1h
2 dx:
Thus, we have
g4
Z
Bk
ð1þ jxj2ÞR2k dx4Cjjhjj
2
X : ð2:21Þ
Next, we multiply (2.18) by g2Z2Rk with Z2ðxÞ ¼ ð1þ jxj
2þ 1
4Þ; scalary in
L2ðBkÞ: Similarly, we obtainZ
Bk
eg2jrRk j2Z2 þ g
4Z2R
2
k 
g2
2
DZ2R
2
k
 
dx ¼ 
Z
Bk
g2Z2hRk dx:
Since DZ24Cð1þ jxj
1
4Þ; using estimate (2.21), we deduce thatZ
Bk
ðeg2Z2jrRk j
2 þ g4Z2R
2
kÞ dx4Cg
2
Z
Bk
ð1þ jxj
1
4ÞR2k dx
þ g2
Z
Bk
Z2R
2
k dx
 1
2
Z
Bk
Z2h
2 dx
 1
2
4Cjjhjj2X þ
g4
2
Z
Bk
Z2R
2
k dx
þ C
Z
Bk
Z2h
2 dx: ð2:22Þ
Then, taking, if it is necessary, a subsequence, we can assume
Rk ! R˜ in W 1;2ðR
2Þ as k ! þ1
and by (2.21) and (2.22)
e2gjjrR˜jjX þ gjjR˜jjX4CjjhjjX : ð2:23Þ
NON-TOPOLOGICAL MULTIVORTEX SOLUTIONS 97Obviously R˜ is a solution to (2.16), and due to the uniqueness theorem
for this problem, we have R˜  R: On the other hand, by the
Calderon–Zygmund inequality (see e.g. [8])
e2
X2
i;j¼1
jj@i@jRjjL2ðR2Þ4CjjDRjjL2ðR2Þ
4Cðg2jjRjjL2ðR2Þ þ jjhjjL2ðR2ÞÞ
4CjjhjjL2ðR2Þ4CjjhjjX ; ð2:24Þ
where we used (2.17), and the constant C in the last inequality does not
depend on g: Estimates (2.23) and (2.24) imply (2.16). ]
By Lemma 2.2 there exists the operator E1e : X ! X and the norm
jjE1e jjLðX ;X Þ is
1 uniformly bounded for e 2 ½0; 1: Let us introduce
the mapping G1ð; ; ; Þ : Y  R
3  X/X as follows. For any ðu; a; e; f Þ 2
Y  R3  X we set G1ðu; e; a; f Þ ¼ F; where FðxÞ is a solution to the
problem
Kðu; a; eÞF ¼ e2DF g2F 2e2bˆgee
2uþe2w0ge;aF ¼ f ;
FðxÞ ! 0 as jxj ! 1: ð2:25Þ
We set
Od ¼ fðu; a; eÞ 2 Y  R
3j jej4d; jaj4d; jjujjY4dg:
Proposition 2.1. There exists d > 0 such that the mapping G1 is well
defined on Od  X :
Proof. Note that
jge;aðxÞj ¼ Oðjxj
4N4Þ as jxj ! 1:
On the other hand, by (2.10) and (2.14)
e2ðe
2uðxÞþe2w0ðxÞÞ4e2e
2CðjjujjYþ1Þlnðjxjþ2Þ4ð2þ jxjÞ2e
2CðjjujjYþ1Þ:
Thus, for any e1 > 0 there exists dðe1Þ > 0 such that
j2e2bˆgee
2uþe2w0ge;aj4
e1
1þ jxj4Nþ3
; 8x 2 R2; ðu; a; eÞ 2 Od: ð2:26Þ1By LðB1; B2Þ we denote the space of linear operators from the Banach space B1 to the
Banach space B2:
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ðI  E1e ð2e
2bˆgee
2uþe2w0ge;aÞÞF ¼ E1e f :
Thanks to (2.26) one could take d > 0 such that
jjE1e ð2e
2bˆgee
2uþe2w0ge;aÞjjLðX ;X Þ4
1
2
; 8ðu; a; eÞ 2 Od:
On the other hand, (2.16) and well-known arguments (see e.g. [23, p. 32])
imply that there exists a unique solution F 2 X to Eq. (2.25). ]
We set
G2ðu; a; eÞ ¼  bˆjrðe2u þ e2w0 þ ln ge;aÞj2ee
2uþe2w0ge;a þ aˆbˆe2ðe
2uþe2w0Þg2e;a
þ 2e2bˆgee
2uþe2w0ge;aC0 þ g2C0  e2DC0:
Solving Eq. (2.12) with respect to C; we obtain
C ¼ G1ðu; a; e; G2ðu; a; eÞÞ:
Using this formula, one can rewrite (2.11) as Pðu; a; eÞ ¼ 0; where
Pðu; a; eÞ ¼Duþ aˆge;a
ee
2uþe2w0  1
e2
þ 2gG1ðu; a; e; G2ðu; a; eÞÞ þ Dw0 þ 2gC0: ð2:27Þ
Let e/ ðue; aeÞ be an implicit function satisfying
Pðue; ae; eÞ ¼ 0;
then the pair ðue;NeÞ; given by formulas
ueðxÞ ¼ ln re;ae ðxÞ þ e
2ueðexÞ þ e
2w0ðexÞ; ð2:28Þ
NeðxÞ ¼
q2
2g2
1þ
g
2m
 
eueðxÞ þ e4CðexÞ þ e4C0ðexÞ ð2:29Þ
with
CðxÞ ¼ G1ðue; ae; e; G2ðue; ae; eÞÞ ð2:30Þ
is the solution to Eqs. (1.5) and (1.6). Of course one should check that this
solution satisﬁes the boundary condition (1.7).
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The mapping P constructed in the previous section is well deﬁned for all
ðu; a; eÞ 2 Od with e=0 where the parameter d > 0 is sufﬁciently small. For
e ¼ 0 we set formally
Pðu; a; 0Þ ¼ Duþ aˆga;0ðuþ w0Þ þ 2gG1ðu; a; 0; G2ðu; a; 0ÞÞ þ Dw0 þ 2gC0:
Hence
Pð0; 0; 0Þ ¼ 0:
Our goal in this section is to obtain the parameterized solutions ðue; aeÞ to
equation
Pðue; ae; eÞ ¼ 0 ð3:1Þ
for all e 2 ðd; dÞ; where d is a sufﬁciently small positive number. In order
to prove this result we shall use the Implicit Function Theorem [23]. First
let us establish some regularity properties of the mapping P at the point 0.
We set
jþðr; yÞ ¼
rNþ1 cosðN þ 1Þy
1þ r2Nþ2
; jðr; yÞ ¼
rNþ1 sinðN þ 1Þy
1þ r2Nþ2
:
We have
Proposition 3.1. There exists d1 > 0 such that the function G2 2 C
ðOd1 ; X Þ and its partial derivatives
@G2
@a ;
@G2
@u are continuous on Od1 : Moreover,
@G2
@u
ð0Þ½ ¼ 0
and
@G2
@a
ð0Þ½b1; b2 ¼ 8
bˆ
aˆ
dr
dr
@jþ
@r
b1 þ
dr
dr
@j
@r
b2
 
þ 4
bˆ
aˆ
1
r
dr
dr
 2
ðjþb1 þ jb2Þ
 8
bˆ
aˆ
r2ðjþb1 þ jb2Þ: ð3:2Þ
The proof of this proposition is based on Lemma 2.2, and uses only
standard arguments. Thus we skip it. Now we establish some regularity
properties of the mapping G1:
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@G1
@u
ð0Þ½h ¼ 0;
@G1
@a
ð0Þ½b1; b2 ¼ 0;
@G1
@f
ð0Þ½x ¼ 
x
g2
: ð3:3Þ
Proof. We assume that 05d25d; where d is the corresponding
parameter from Proposition 2.1. We note that for ﬁxed ðu; a; eÞ the
mapping G1ðu; a; e; f Þ is the linear continuous mapping with respect to the
variable f : Moreover this linear mapping is differentiable and formula (2.25)
implies
@G1
@f
ðu; a; e; f Þ½x ¼ K1ðu; a; eÞx;
where the operator Kðu; a; eÞ is given by (2.25). In particular, for ðu; a; eÞ ¼
ð0; 0; 0Þ we have
K1ð0; 0; 0Þ ¼ 
1
g2
:
Now let us show that
jjK1ðu; a; eÞ  K1ðui; ai; eiÞjjLðX ;X Þ ! 0 as ðui; ai; eiÞ ! ðu; a; eÞ in Y  R
3:
This follows, in turn, from the inequality
jee
2uiðxÞþe2w0ðxÞgei ;ai  e
e2uðxÞþe2w0ðxÞge;aj4
#ei
1þ jxj4Nþ3
; 8x 2 R2;
where #ei ! 0 as i !1: Now we claim
@G1
@u
ðu; a; e; f Þ½h ¼ K1ðu; a; eÞ½2e4gbˆge;aee
2uþe2w0G1ðu; a; e; f Þh: ð3:4Þ
In order to prove (3.4) it sufﬁces to show that the function CðhÞ ¼ G1
ðuþ h; a; e; f Þ  G1ðu; a; e; f Þ  @G1@u ðu; a; e; f Þ½h satisﬁes
jjCðhÞjjX ¼ oðjjhjjY Þ as jjhjjY ! 0: ð3:5Þ
Note that
2e2bˆg2ee
2w0þe2ðuþhÞge;a ¼ 2e2bˆg2ge;aee
2uþe2w0 ð1þ e2hÞ þ Rðe; a; xÞ;
where Rðe; a; xÞ ¼ 2e2bˆg2ge;a
R 1
0 ð1 tÞe
4ee
2w0ðxÞþe2ðuþthÞðxÞh2 dt: Taking the
parameter d2 > 0 sufﬁciently small, thanks to (2.10) and (2.14) for all
NON-TOPOLOGICAL MULTIVORTEX SOLUTIONS 101ðu; a; eÞ 2 Od2 we have
jRðe; a; xÞðxÞj4
oðjjhjjY Þ
1þ jxj4Nþ3
as jjhjjY ! 0:
Therefore
Kðu; a; eÞCðhÞ ¼Rðe; a; xÞG1ðuþ h; a; e; f Þ
þ 2e4bˆg2ge;aee
2uþe2w0ðG1ðuþ h; a; e; f Þ  G1ðu; a; e; f ÞÞh
in R2; CðhÞðxÞ ! 0 as jxj ! 0:
Thus (3.5) follows from Proposition 2.1. Obviously, the mapping
ðu; a; e; f Þ/
@G1
@u
ðu; a; e; f Þ
from Od  X into LðY ; X Þ is continuous. Similarly, one can prove the
formula
@G1
@a
ðu; a; e; f Þ½b1; b2 ¼ K1ðu; a; eÞ 2bˆge2ee
2uþe2w0 @ge;a
@a1
b1 þ
@ge;a
@a2
b2
  
and the continuity of the mapping
ðu; a; e; f Þ/
@G1
@a
from Od  X to LðR
2; X Þ: The proof of the proposition is complete. ]
Now we prove the differentiability of the mapping P:
Proposition 3.3. There exists d > 0 such that the function P 2 CðOd; X Þ
and its partial derivatives @P@a;
@P
@u are continuous on Od:
Aðh; b1; b2Þ ¼
@P
@u
ð0Þ½h þ
@P
@a
ð0Þ½b1; b2 ¼ Lh 4rw0ðjþb1 þ jb2Þ

16bˆ
aˆg
dr
dr
@jþ
@r
b1 þ
@j
@r
b2
 

8bˆ
aˆg
1
r
dr
dr
 2

16bˆ
aˆg
r2
 !
ðjþb1 þ jb2Þ; ð3:6Þ
where Lh ¼ Dhþ rh:
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follows:
Pðu; a; eÞ ¼Duþ aˆge;a ðuþ w0Þ þ
Z 1
0
ð1 tÞðuþ w0Þ
2e2ee
2ðuþw0Þt dt
 
þ 2gG1ðu; a; e; G2ðu; a; eÞÞ þ Dw0 þ 2gC0:
By Propositions 3.1 and 3.2 the mapping G1ðu; a; e; G2ðu; a; eÞÞ is continuous
on Od: The deﬁnition of the spaces X and Y imply D 2LðY ; X Þ: By
Lemmata 2.1 and 2.2 the mapping
G3ðu; a; eÞ ¼ aˆge;a ðuþ w0Þ þ
Z 1
0
ð1 tÞðuþ w0Þ
2e2ee
2ðuþw0Þt dt
 
is continuous, with its partial derivatives with respect to u; a on Od;
provided we choose d > 0 sufﬁciently small. By (2.8) and the formula
G1ð0; G2ð0ÞÞ ¼ 0
we have Pð0Þ ¼ 0: Therefore the mapping P is continuous on Od: By the
chain-rule there exists continuous partial derivatives of the mapping G1
ðu; a; e; G2ðu; a; eÞÞ with respect to u and a: Therefore there exists continuous
partial derivatives of the mapping P with respect to variables u and a: Short
computations and Proposition 3.1 give formula (3.6). ]
Now we would like to study the properties of the operator A:
Proposition 3.4. The following inequality holds true.
C˜ :¼
Z
R2
4rw0 þ
8bˆ
aˆg
1
r
dr
dr
 2
2r2
 !( )
j2 þ
16bˆ
aˆg
dr
dr
@j
@r
j
" #
dx50:
This proposition is proved in Section 5.
Lemma 3.1. The operator A : Y  R2 ! X is epimorphic.
Proof. For given f 2 X ; we have to show that there exist u 2 Y ; a1; a2 2
R such that Aðu; a1; a2Þ ¼ f : Let us deﬁne C ¼
R
R2
fj dx; and let C˜ be
the non-zero constants deﬁned in Proposition 3.4. Hence, the function,
f˜ introduced below, is well deﬁned.
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Cþ
C˜þ
4rw0jþ þ
8bˆ
aˆg
1
r
dr
dr
 2
2r2
 !
jþ þ
16bˆ
aˆg
dr
dr
@jþ
@r
" #

C
C˜
4rw0j þ
8bˆ
aˆg
1
r
dr
dr
 2
2r2
 !
j þ
16bˆ
aˆg
dr
dr
@j
@r
" #
:
Then, from
R 2p
0 sinðN þ 1Þy cosðN þ 1Þy dy ¼ 0 we obtainZ
R2
f˜j dx ¼ 0:
On the other hand, in [4] we proved
Im L ¼ f 2 X
Z
R2
fj dx ¼ 0

 
:
Thus, there exists u 2 Y such that Lu ¼ f˜; and we have
A u;
Cþ
C˜þ
;
C
C˜
 
¼ f :
This completes the proof of the proposition. ]
Proof of Theorem 1.1. We consider the mapping Pðu; a; eÞ in the domain
#O ¼ Od with sufﬁciently small d > 0: Thanks to Proposition 3.3 the mapping
P and its partial derivatives @P@u;
@P
@a are continuous on Od: By Lemma 3.1 the
operator P0ðu;aÞð0; 0; 0Þ ¼ A : Y  R
2 ! X is surjective. Thus by the general-
ized implicit function theorem (see e.g. [21, p. 37]) there exist e0 > 0 and a
continuous function e/ ðue; aeÞ ¼ ve from ð0; e0Þ into a neighborhood of 0
in Y  R2 such that
Pðue; ae; eÞ ¼ 0; 8e 2 ð0; e0Þ:
Now we check that the solution ðue;NeÞ recovered from formulas (2.28)–
(2.30) with Ce ¼ e
4CðexÞ; is really non-topological. From the explicit
formula for the function re;a we know that
ln re;aeðxÞ ¼ ð2N þ 4Þ ln jxj þ oðln jxjÞ as jxj ! 1: ð3:7Þ
On the other hand, from the asymptotic formula (2.10)
e2w0ðexÞ ¼ 
8pNðN þ 2Þð1þ g2mÞ
3ðN þ 1Þg2 sinð pN
Nþ1Þ
e2 ln jxj þ oðln jxjÞ as jxj ! 1: ð3:8Þ
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jueðxÞj4C1jjuejjY ðln
þ jxj þ 1Þ4CjjvejjYR2ðln
þ jxj þ 1Þ:
This implies
jueðexÞj4C2jjvejjYR2ðln
þ jexj þ 1Þ4CjjvejjYR2ðln
þ jxj þ 1Þ: ð3:9Þ
From the continuity of the implicit function e/ ve from ðe0; e0Þ into Y 
R2 and the fact v0 ¼ 0 we have
jjvejjYR2 ! 0 as e! 0: ð3:10Þ
Due to (3.10) the second inequality in (1.17) holds true. Let us check that the
constructed solution to (1.5) and (1.6) is non-topological. This fact is the
simple consequence of the asymptotic formula
ueðxÞ ¼  ð2N þ 4þ se2 þ oðe2ÞÞln jxj
þ oðln jxjÞ as jxj ! 1; 8e 2 ð0; e1Þ; ð3:11Þ
deduced from (3.7) to (3.10). In particular, (3.11) combined with (1.13)
implies (1.18).
By (3.7)–(3.10) there exist e1 2 ð0; e0Þ and a continuous function e!
bðeÞ > 0; lime!0 bðeÞ=e2 ¼ s such that our solution ueðxÞ of (1.5) and (1.6)
satisﬁes
eueðxÞ ¼ O
1
jxj2Nþ4þbðeÞ
 
as jxj ! 1: ð3:12Þ
We set z ¼ x1 þ ix2; %@z ¼ 12ð
@
@x1
þ i @@x2Þ and deﬁne
A1;e ¼ Ref2i%@zln ceðzÞg; A2;e ¼ Imf2i%@zln ceðzÞg:
Also recall thatNe is given by (2.29), ce is given by (1.13) and A0;e ¼ Ne:
Then, ðce; Ae;NeÞ becomes a solution to Eqs. (1.1)–(1.4) (see e.g. [12]). We
now show that our solution ðce; Ae;NeÞ is of ﬁnite energy, and satisﬁes the
decay estimates (1.19). By (3.12)
jceðxÞj
2 ¼ O
1
jxj2Nþ4þbðeÞ
 
as jxj ! 1: ð3:13Þ
Due to (3.12) and a priori estimate (2.16) applied to boundary-value
problem (1.6) we have
jjNejjW 2;2ðR2Þ\X4C3: ð3:14Þ
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N2e þ jrNej
2 þ jNejjcej
2 2 L1ðR2Þ: ð3:15Þ
Next let us prove (1.19), which implies that the function
jD1ceðxÞj
2 þ jD2ceðxÞj
2
belongs to L1ðR2Þ: From (1.2) we immediately have that %@zln ceðzÞ ¼ i %a;
where %a ¼ 1
2
ðA1;e þ iA2;eÞ; which, in turn, gives
1
2
@y
@x1
 A1;e ¼ 
1
2
@ue
@x2
;
1
2
@y
@x2
 A2;e ¼
1
2
@ue
@x1
and D1ce ¼ ð
1
2
@ue
@x1
þ i
2
@y
@x1
 iA1;eÞce ¼
1
2
ð@ue@x1  i
@ue
@x2
Þce and D2ce ¼ ð
1
2
@ue
@x2
þ i
2
@y
@x2
iA2;eÞce ¼
1
2
ð@ue@x2 þ i
@ue
@x1
Þce: Therefore,
jD1cej
2 þ jD2cej
241
4
jruej
2jcej
2 ¼ 1
4
jruej
2eue :
By (1.5)
ueðxÞ ¼ 
1
2p
Z
R2
ln jx  yj
q2
2m
eueðyÞ  2gNe
 
dy
þ 2
Xk
j¼1
njln jx zj j þ C4 ð3:16Þ
for some constant C4: Since by (3.11) the function ueðxÞ is bounded from
above for all x 2 R2; taking derivative of ue from (3.16), and using the
inequality ð
Pn
j¼1 ajÞ
24n
Pn
j¼1 a
2
j ; we obtain
jrueðxÞj
2eueðxÞ4
q4ðk þ 2Þ
8m2p2
eueðxÞ
Z
R2
eueðyÞ
jx yj
dy
 2
þ
g2ðk þ 2Þ
p2
eueðxÞ
Z
R2
jNeðyÞj
jx  yj
dy
 2
þ 4ðk þ 2Þ
Xk
j¼1
n2j
eueðxÞ
jx  zj j
2
¼ I1 þ I2 þ I3:
Since ueðxÞ ¼ 2njln jx zj j þ Oð1Þ as x ! zj ; the function I3ðxÞ is locally
integrable and by (3.12)
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1
jxj2Nþ4þbðeÞ
 
as jxj ! 1:
Hence I3 2 L1ðR
2Þ:
From the estimate
Z
R2
eueðyÞ
jx yj
dy4
Z
jxyj41
eueðyÞ
jx  yj
dyþ
Z
jxyj>1
eueðyÞ dy4C5;
where the constant C5 is independent of x 2 R
2; and (3.12) we also ﬁnd that
I1 ¼ O
1
jxj2Nþ4þbðeÞ
 
as jxj ! 1;
and is also integrable. Now we deduce the decay for I2:
Indeed, by (1.6) and (3.13)Z
R2
jNeðyÞj
jx yj
dy4
Z
jxyj41
jNeðyÞj
jx yj
dyþ
Z
jxyj>1
jNeðyÞj dy
4C6jjNejjL1ðR2Þ\X4C7:
This estimate implies that
I2 ¼ O
1
jxj2Nþ4þbðeÞ
 
as jxj ! 1:
The proof of (1.19) is complete. Finally, we note that since by (1.1) F 2j0 ¼
N2e for j ¼ f1; 2g then by (3.13)–(3.15), (1.19) the energy EðAe;ce;NeÞ is
ﬁnite.
In order to prove (1.20) we set
G ¼
q2
4gm
eue Ne:
Then, we have
DG ¼  DNe þ
q
4gm
Dueeue þ jruejeue
¼  g2Ne þ
q2
2
1þ
g
2m
 
eue þ
q2
4gm
eue
q2
2m
eue  2gNe
 
þ jruej
2eue
¼ g2 þ
q2
2m
eue
 
G þ
q2
2
eue þ jruej2eue5 g2 þ
q2
2m
eue
 
G in R2:
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GðxÞ ! 0 as jxj ! 1:
Thus, (1.20) follows immediately by the maximum principle. ]
4. ON THE NON-TOPOLOGICAL SOLUTIONS TO THE
RELATIVISTIC MAXWELL–CHERN–SIMONS–HIGGS SYSTEM
The Lagrangian density for a relativistic self-dual Maxwell–Chern–
Simons–Higgs system introduced in [14] is
LðA;f;NÞ ¼ 
1
4
FmnFmn þ
g
4
emnrFmnAr DmfDmf

1
2
@mN@
mN q2N2jfj2 
1
2
ðqjfj2 þ gN qÞ2;
where we are using the same notation as in the previous non-relativistic case,
and f ¼ f1 þ if2 is the complex Higgs ﬁeld in this model. The static energy
functional for this system is
EðA;f;NÞ ¼
Z
R2
1
2
ðF 2j0 þ F
2
12Þ þ jD0fj
2 þ jDjfj2 þ
1
2
jrNj2

þq2N2jfj2 þ
1
2
ðqjfj2 þ gN qÞ2

dx:
In this model the self-duality equations coupled with the Gauss law
constraint for the static ﬁelds ðA;f;NÞ are
A0 ¼ N; ð4:1Þ
ðD1 þ iD2Þf ¼ 0 in R
2; ð4:2Þ
@1A2  @2A1 þ qjfj2 þ gN q ¼ 0 in R
2; ð4:3Þ
DN ¼ gqðjfj2  1Þ þ ðg2 þ 2q2jfj2ÞN in R2: ð4:4Þ
If ðA;f;NÞ is a solution that makes EðA;f;NÞ ﬁnite, then the natural
boundary conditions near inﬁnity are either
jfj2 ! 1 and N! 0 as jxj ! 1; ð4:5Þ
or
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q
g
as jxj ! 1: ð4:6Þ
The former is called topological, and the latter is called non-topological.
For the topological boundary conditions in R2; and for the periodic
boundary conditions existence of multivortex solutions, asymptotic decay
properties and the Abelian Higgs limit and the Chern–Simons limit
problems are studied in [2,3]. In this paper we are considering the existence
problem of ﬁnite energy solutions for the non-topological boundary
conditions. We set as previously
f ¼ exp
u
2
þ i
Xk
j¼1
nj argðz zjÞ
" #
;
where fzjg
k
j¼1 and fnjg
k
j¼1 are the prescribed zeros of f and their
multiplicities, respectively. Then, by a reduction procedure similar to the
previous case we obtain the equations
Du ¼ 2q2ðeu  1Þ þ 2gqNþ 4p
Xk
j¼1
njdðz zjÞ in R
2; ð4:7Þ
DN ¼ gqðeu  1Þ þ ðg2 þ 2q2euÞN in R2; ð4:8Þ
uðxÞ ! 1; NðxÞ !
q
g
as jxj ! 1: ð4:9Þ
We set
C1ðrÞ ¼
1
4gq3
1þ
2q2
g2
 
1
r
dr
dr
 2

g
8q5
1þ
2q2
g2
 2
r2: ð4:10Þ
Let w0ðrÞ be a function deﬁned by formulas (1.10) and (1.11) with f˜ ðrÞ ¼
2gqC1:
For the non-topological multivortex solutions of the relativistic Maxwell–
Chern–Simons–Higgs system our main result is:
Theorem 4.1. Let fzjgkj¼1  C
1; fnjg
k
j¼1  Zþ; N ¼
Pk
j¼1 nj ; nj50 and
the function re;a be defined by (1.8). Then there exists e0 > 0 such that for all
e 2 ð0; e0Þ there exists a solution ðfe; Ae;NeÞ to problem (4.1)–(4.4) with the
following properties:
1. The energy functional Eðfe; Ae;NeÞ is finite, and the function f has the
zeros fzjg
k
j¼1 with multiplicities fnjg
k
j¼1:
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feðzÞ ¼ e
ue
2
þi
Pk
j¼1
nj argðzzjÞ
h i
; ð4:11Þ
ueðzÞ ¼ ln
g
4q2
re;aeðzÞ
 
þ e2w0ðejzjÞ þ e2ueðezÞ; ð4:12Þ
NeðzÞ ¼ 
q
g
1þ
2q2
g2
 
eueðzÞ þ
q
g
þCeðzÞ þ e
4C1ðezÞ; ð4:13Þ
where ae ! 0 as e! 0; and
w0ðejzjÞ ¼ s1 ln jzj þ oðln jzjÞ as jzj ! þ1; ð4:14Þ
where
s1 ¼
2pNðN þ 2Þð1þ 2q
2
g2 Þ
2
3ðN þ 1Þq4 sinð pN
Nþ1Þ
;
jjCejjL2ðR2Þ ¼ oðe
3Þ; jjue=lnðjzj þ 1ÞjjC0ðR2Þ4oðe
2Þ as e! þ0:
ð4:15Þ
3. There exists a constant Cˆ ¼ Cˆðg; qÞ and a function bðeÞ such that solutions
ðfe; Ae;NeÞ satisfy the decay estimate,
ln jfeðzÞj
2 ¼ ð2N þ 4þ s1e2 þ oðe2ÞÞln jzj þ oðln jzjÞ as jzj ! 1;
ð4:16Þ
jD1feðzÞj
2 þ jD2feðzÞj
24
Cˆ
jzj2Nþ4þbðeÞ
þ o
1
jzj2Nþ4þbðeÞ
 
as jzj ! 1;
ð4:17Þ
where bðeÞ > 0 for all e 2 ð0; e0Þ and lime!þ0 bðeÞ=e2 ¼ s1:
Proof. If we transform the unknowns, ðu;NÞ ! ðu; SÞ by
N ¼ S 
q
g
þ
2q3
g3
 
eu þ
q
g
; ð4:18Þ
then by elementary computation we ﬁnd that (4.7)–(4.9) is reduced to
Du ¼ 2gqS 
4q4
g2
eu þ 4p
Xk
j¼1
njdðz zjÞ in R
2; ð4:19Þ
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2q3
g
þ
8q5
g3
þ
8q7
g5
 
e2u þ 4q2 þ
4q4
g2
 
Seu

q
g
þ
2q3
g3
 
jruj2eu in R2; ð4:20Þ
uðxÞ ! 1; SðxÞ ! 0 as jxj ! 1: ð4:21Þ
We ﬁnd that system (4.19)–(4.21) is the same as (2.2)–(2.4) except for
changes in constant coefﬁcients. Thus we can apply exactly the same
argument as in the proof of Theorem 1.1. So we will be brief in the proof
below, pointing out the steps which need care. We make a sequence of
change of variables as before to get the functional:
Pðu; a; eÞ ¼Duþ
4q4
g2
ge;a
ee
2uþe2w0  1
e2
þ 2gqG1ðu; a; e; G2ðu; a; eÞÞ
þ Dw0 þ 2gqC1;
where in this case
ge;aðzÞ ¼
2g2e2N j f ðzeÞj
2
q4ð1þ e2Nþ2jF ðzeÞ þ
a
eNþ1j
2Þ2
with the same complex functions f ðzÞ and F ðzÞ are deﬁned in (1.9). The
function w0ðrÞ 2 Y ; introduced earlier is a solution of the ordinary
differential equation
L1w0 ¼
1
r
d
dr
r
dw0
dr
 
þ rw0 ¼ 2gqC1 in Rþ; ð4:22Þ
where the function rðrÞ is deﬁned by (1.8). Similar to the previous case the
mapping G1 is deﬁned as follows: G1ðu; a; e; f Þ ¼ F is a solution of the
problem
e2DF g2F 4e2q2 1þ
q2
g2
 
ge;ae
e2uþe2w0F ¼ f in R2;
FðxÞ ! 0 as jxj ! 1
with ðu; a; e; f Þ belonging to the same function spaces as before. And G2
ðu; a; eÞ is the mapping deﬁned by
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q
g
1þ
2q2
g2
 
jrðe2uþ e2w0 þ ln ge;aÞj2ee
2uþe2w0ge;a
þ
2q3
g
1þ
2q2
g2
 2
e2ðe
2uþe2w0Þg2e;a þ 4e
2q2 1þ
q2
g2
 
ee
2uþe2w0ge;aC1 þ g2C1  e2DC1:
Let e/ ðue; aeÞ be an implicit function satisfying
Pðue; ae; eÞ ¼ 0;
then the pair
ueðxÞ ¼ ln
g
4q2
re;aeðxÞ
 
þ e2w0ðexÞ þ e2ueðexÞ;
NeðxÞ ¼ 
q
g
1þ
2q2
g2
 
eueðxÞ þ
q
g
þ e4CðexÞ þ e4C1ðexÞ
with
CðxÞ ¼ G1ðue; ae; e; G2ðue; ae; eÞÞ;
is the solution to Eqs. (4.7) and (4.8). The two parts where the proof is not
straightforwardly the same as before are the following:
Lemma 4.1. The function w0ðrÞ 2 Y solves Eq. (4.22) and satisfies the
pointwise estimate:
jw0ðrÞj4Cðln
þ rþ 1Þ; 8r > 0:
Moreover we have the asymptotic formula
w0ðrÞ ¼ 
2pNðN þ 2Þð1þ 2q
2
g2 Þ
2
3ðN þ 1Þq4 sinð pN
Nþ1Þ
ln rþ oðln rÞ as r !1:
Proposition 4.1. The following inequality holds true:
C˜ :¼
Z
R2
4rw0 þ
2
q2
1þ
2q2
g2
 
1
r
dr
dr
 2

g2
q2
1þ
2q2
g2
 
r2
 !( )
j2
"
þ
4
q2
1þ
2q2
g2
 
dr
dr
@j
@r
j

dx50:
CHAE AND IMANUVILOV112The proofs are given in the next section. The remaining parts of the proofs
of the existence and the asymptotic behaviors of the non-topological
solutions are the same as in the previous sections.
5. PROOF OF AUXILIARY LEMMAS
In this section we prove Lemmas 2.1 and 4.1, and Propositions 3.4 and
4.1. For the proof of these we ﬁrst recall the following formula for the
Mellin transform (see e.g. [13]).Z 1
0
ta1
ð1þ tÞn
dt ¼
pjða 1Þða 2Þ    ða ðn 1ÞÞj
ðn 1Þ!sinðpaÞ
; a 2 ð0; 1Þ: ð5:1Þ
Proof of Lemma 2.1. We recall that given f˜ðjxjÞ 2 C1ðRþÞ \ X ; the
ordinary differential equation (2.8) has a solution wðrÞ 2 Y given by the
formulas (1.10) and (1.11) [4], where ff˜ ð1Þ and wð1Þ are deﬁned as limits of
ff˜ ðrÞ and wðrÞ as r ! 1:
From this explicit solution formula we ﬁnd that w0ðÞ 2 C0ðRþÞ; and thus
(2.9) follows from (2.14). It sufﬁces now to prove (2.10). We observe from
formula (1.10) that
w0ðrÞ ¼ j0ðrÞ
Z r
2
1þ s2Nþ2
1 s2Nþ2
 2
IðsÞ
s
ds þ ðbounded function of rÞ
as r !1; where
IðsÞ ¼
Z s
0
j0ðtÞtf˜ðtÞ dt:
Since j0ðrÞ ! 1 as r !1; (2.10) follows if we show
I ¼ Ið1Þ ¼
Z 1
0
j0ðrÞrf˜ðrÞ dr ¼
8pNðN þ 2Þð1þ g2mÞ
3ðN þ 1Þg2 sinð pN
Nþ1Þ
for
f˜ðrÞ ¼ 2gC0 ¼
1
l
r2 
1
r
dr
dr
 2" #
¼
1
l
f1ðrÞ þ
1
l
f2ðrÞ;
where we set l ¼ gaˆ
2bˆ
;
f1ðrÞ ¼ r2; f2ðrÞ ¼ 
1
r
dr
dr
 2
:
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I ¼ I1 þ I2 ¼
1
l
Z 1
0
j0ðrÞrf1ðrÞ drþ
1
l
Z 1
0
j0ðrÞrf2ðrÞ dr:
We ﬁrst compute explicitly to get f1ðrÞ ¼
64ðNþ1Þ4r4N
ð1þr2Nþ2Þ4
: Thus, substituting
r2Nþ2 ¼ t; N
Nþ1 ¼ a and integrating by parts we have
lI1 ¼
Z 1
0
j0ðrÞrf1ðrÞ dr ¼ 32ðN þ 1Þ
3
Z 1
0
ta1ð1 tÞt
ð1þ tÞ5
dt
¼ 32ðN þ 1Þ3
Z 1
0
ta1
a
4ð1þ tÞ4

aða þ 1Þ
12ð1þ tÞ3
 
dt
¼ 32ðN þ 1Þ3J: ð5:2Þ
We use formula (5.1), and ﬁnd
J ¼ 
p
4! sin pa
faða  1Þða 2Þða 3Þ  aða þ 1Þða 1Þða 2Þg
¼ 
paða 1Þ2ða 2Þ
12 sin pa
¼
pNðN þ 2Þ
12ðN þ 1Þ4 sinð pN
Nþ1Þ
:
Thus, we ﬁnally obtain
lI1 ¼
8pNðN þ 2Þ
3ðN þ 1Þsinð pN
Nþ1Þ
: ð5:3Þ
We now claim I2 ¼ 0: Taking the scalar product in L2ðRþÞ of the equation
1
rr
dr
dr
þ
1
r
d2r
dr2

1
r2
dr
dr
 2
þr ¼ 0 ,
1
r
d
dr
r
r
dr
dr
 
þ r ¼ 0
 
; ð5:4Þ
with the function rrj0 and integrating by parts we obtain
lI2 ¼
Z 1
0
r
r
dr
dr
 2
j0 dr
¼
Z 1
0
dr
dr
j0 dr þ
Z 1
0
d2r
dr2
j0r dr þ
Z 1
0
r2j0r dr
¼
Z 1
0
rr
d2j0
dr2
þ
1
r
dj0
dr
 
dr þ
Z 1
0
r2j0r dr
¼
Z 1
0
rrDj0 dr þ
Z 1
0
r2j0r dr
¼ 
Z 1
0
r2j0r dr þ
Z 1
0
r2j0r dr ¼ 0; ð5:5Þ
CHAE AND IMANUVILOV114where we used the fact j0 2 kerðDþ rÞ (see [4]). Thus,
I ¼
1
l
I1 ¼
16pbˆNðN þ 2Þ
3gaˆðN þ 1Þ sinð pN
Nþ1Þ
:
This completes the proof of the lemma. ]
Proof of Proposition 3.4. Since C˜þ ¼ C˜ it sufﬁces to prove C˜þ50: In
order to simplify the computations ﬁrst let us transform some terms in C˜þ:Z
R2
2
dr
dr
@jþ
@r
jþ þ
1
r
dr
dr
 2
j2þ
 !
dx
¼ p
Z 1
0
d
dr
r
r
dr
dr
 
r
r2Nþ2
ð1þ r2Nþ2Þ2
dr
¼ p
Z 1
0
r2
r2Nþ3
ð1þ r2Nþ2Þ2
dr: ð5:6Þ
Using (5.6) and the identity
L1
1
16ð1þ r2Nþ2Þ2
 
¼
ðN þ 1Þ2r4Nþ2
ð1þ r2Nþ2Þ4
;
after integration by parts we obtain
l
4
C˜þ ¼
Z 1
0
r lw0L1
1
2ð1þ r2Nþ2Þ2
 
 2r2f2 þ r2f2
 
dr

Z 2p
0
cos2ðN þ 1Þy dy
¼ p
Z 1
0
lðL1w0Þ
1
2ð1þ r2Nþ2Þ2
 2r2f2 þ r2f2
 
r dr
¼ p
Z 1
0
r r2 
1
r
dr
dr
 2 !
1
2ð1þ r2Nþ2Þ2
 2r2f2 þ r2f2
( )
dr
¼ p
Z 1
0
r
r2
2ð1þ r2Nþ2Þ2
 2r2f2
 
dr
 p
Z 1
0
r
1
2r
dr
dr
 2
1
ð1þ r2Nþ2Þ2
 r2f2
( )
dr :¼ J1  J2:
Clearly,
J1 ¼ 64pðN þ 1Þ
4
Z 1
0
5r4Nþ1
2ð1þ r2Nþ2Þ6

2r4Nþ1
ð2þ r2Nþ2Þ5
 
dr:
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Nþ1 ¼ a in the previous equality we have the
following:
J1 ¼ 32pðN þ 1Þ
3
Z 1
0
5ta
2ð1þ tÞ6

2ta
ð1þ tÞ5
 
dt
¼  32pðN þ 1Þ3
Z 1
0
ta
2
d
dt
1
ð1þ tÞ5
 

1
2
ta
d
dt
1
ð1þ tÞ4
  
dt
¼ 16pðN þ 1Þ2N
Z 1
0
ta1
ð1þ tÞ5

ta1
ð1þ tÞ4
 
dt
¼
16p2ðN þ 1Þ2N
sinðpaÞ
ða 1Þða 2Þða 3Þða 4Þ
4!

jða 1Þða 2Þða 3Þj
3!
 
¼
2p2Nða 1Þða 2Þ
3 sinðpaÞ
fð2N þ 3Þð3N þ 4Þ  4ðN þ 1Þð2N þ 3Þg
¼ 
2p2N2ða 1Þða 2Þð2N þ 3Þ
3 sinðpaÞ
50; 8N51:
In order to transform the second term J2 we take the scalar product in
L2ðRþÞ of Eq. (5.4) and the function
rr
2ð1þr2Nþ2Þ2
: Then after integration by
parts we obtain
Z 1
0
r2r
ð1þ r2Nþ2Þ2

dr
dr
 2
r
rð1þ r2Nþ2Þ2
 !
dr
¼
Z 1
0
r
dr
dr
d
dr
1
ð1þ r2Nþ2Þ2
 
dr
¼ ð4N þ 4Þ
Z 1
0
dr
dr
1
ð1þ r2Nþ2Þ2

1
ð1þ r2Nþ2Þ3
 
dr
¼ 
Z 1
0
2r2r
ð1þ r2Nþ2Þ

3r2r
ð1þ r2Nþ2Þ2
 
dr:
Therefore
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0
dr
dr
 2
r
rð1þ r2Nþ2Þ2
dr
¼
Z 1
0
2r2r
ð1þ r2Nþ2Þ

2r2r
ð1þ r2Nþ2Þ2
 
dr ¼ 2
Z 1
0
r2f2r dr:
Hence J2 ¼ 0 and
C˜þ ¼
4
l
J150
for N51: This proves the lemma. ]
Proof of Lemma 4.1. Let us set
IðsÞ ¼
Z s
0
j0ðtÞtf˜ðtÞ dt;
where
f˜ðrÞ ¼
g2
4q4
1þ
2q2
g2
 2
r2 
1
2q2
1þ
2q2
g2
 
1
r
dr
dr
 2
:¼
g2
4q4
1þ
2q2
g2
 2
f1ðrÞ þ
1
2q2
1þ
2q2
g2
 
f2ðrÞ
with the same f1ðrÞ and f2ðrÞ as in the proof of Lemma 2.1. Then, as in the
proof of Lemma 2.1, since j0ðrÞ ! 1 as r !1; Lemma 4.1 follows if we
show that
I ¼ Ið1Þ ¼
2pNðN þ 2Þð1þ 2q
2
g2 Þ
2
3ðN þ 1Þq4 sinð pN
Nþ1Þ
:
We have the decomposition
I ¼
g2
4q4
1þ
2q2
g2
 2 Z 1
0
j0ðrÞrf˜ðrÞ dr
¼
Z 1
0
j0ðrÞrf1ðrÞ dr þ
1
2q2
1þ
2q2
g2
 Z 1
0
j0ðrÞrf2ðrÞ dr :¼ I1 þ I2:
By (5.5) I2 ¼ 0; and by (5.3)Z 1
0
j0ðrÞrf1ðrÞ dr ¼
8pNðN þ 2Þ
3ðN þ 1Þsinð pN
Nþ1Þ
:
Therefore
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2pg2ð1þ 2q
2
g2 Þ
2NðN þ 2Þ
3q4ðN þ 1Þsinð pN
Nþ1Þ
:
The proof of the lemma is complete. ]
Proof of Proposition 4.1. As in the proof of Proposition 3.4 we
transform C˜ into
C˜ ¼p
Z 1
0
4ðL1w0Þ
1
2ð1þ r2Nþ2Þ2
þ
2
q2
1þ
2q2
g2
 
1
r
dr
dr
 2("(
2
g2
q2
1þ
2q2
g2
 
r2 
d2r
dr2


1
r
dr
dr

f2

r dr
using L1w0 ¼
g2
4q4
1þ
2q2
g2
 2
r2 
1
2q2
1þ
2q2
g2
 
1
r
dr
dr
 2 !
¼
pg2
q4
1þ
2q2
g2
 2 Z 1
0
r
r2
2ð1þ r2Nþ2Þ2
 2r2f2
 
dr

2p
q2
1þ
2q2
g2
 Z 1
0
r
1
2rð1þ r2Nþ2Þ2
dr
dr
 2"

1
r
dr
dr
 2
f2 þ
d2r
dr2
f2 þ
1
r
dr
dr
f2
#
dr
:¼
pg2
q4
1þ
2q2
g2
 2
J1 
2p
q2
1þ
2q2
g2
 
J2:
In the proof of Proposition 3.4 we showed J150; and J2 ¼ 0: Thus, C˜50:
This completes proof of the proposition. ]
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